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ROLE OF CONTROL IN CYBER-PHYSICAL SYSTEMS

cyber-system

physical system

desired behavior

sensing

What kind of “intelligence” to embed in the “cyber” component to make
the overall CPS behave autonomously, robustly, safely, and optimally ?



MODEL PREDICTIVE CONTROL (MPC)

optimization
algorithm

prediction model

physical system

set-points

r(t)
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Use a'dynamical model of the process to predict its future
evolution and choose t 1e“best” control action




MODEL PREDICTIVE CONTROL (MPC)

e At each time ¢, find the best control sequence over a future horizon of IV steps

A

penalty on past | future (8)
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optimization problem
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e Problem solved w.r.t. {uo,...,un-1}

e Apply the first optimal move u(t):ub*, throw the rest of the sequence away

e At time t+1: Get new measurements, repeat the optimization. And so on....



MPC IN INDUSTRY

e The MPC concept for process control dates back to the 60’s

‘Discrete Dynamic Optimization
Applied to On-Line Optimal Control

MARSHALL D, RAFAL and WILLIAM F. STEVENS (Rafal, Stevens, AiChE Journal, 1968)

e MPC used in the process industries since the 80's

©SimulateLive.com

MPC is the standard for advanced control in the process industry.

(Qin, Badgewell, 2003) (Bauer & Craig, 2008)

e Research in MPC is still very active'!



MPC IN INDUSTRY

(Samad, IEEE CS Magazine, Feb 2017)

e Impact of advanced control technologies in industry

rTABLE 1 A list of the survey results in order of industry impact as perceived by )
the committee members.

A y,
Rank and Technology High-Impact Ratings Low- or No-Impact Ratings
PID control 100% 0%

| Model predictive control | 78% 9%

* System identification 61% 9%

Process data analytics 61% 17%
Soft sensing 52% 22%
Fault detection and 50% 18%
identification

Decentralized and/or 48% 30%
coordinated control

Intelligent control 35% 30%
Discrete-event systems 23% 32%
Nonlinear control 22% 35%
Adaptive control 17% 43%
Robust control 13% 43%
Hybrid dynamical systems 13% 43%

\ y,




AUTOMOTIVE APPLICATIONS OF MPC

Bemporad, Bernardini, Borrelli, Cimini, Di Cairano, Esen, Giorgetti, Graf-Plessen, Hrovat, Kolmanovsky, Levijoki,
Ripaccioli, Trimboli, Tseng, Yanakiey, ... (2001-present)
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Most automotive OEMs are adopting MPC solutions today



MPC IN THE AERONAUTIC INDUSTRY

PRESS RELEASE

Pratt & Whitney's F135 Advanced Multi-Variable
Control Team Receives UTC's Prestigious George
Mead Award for Outstanding Engineering
Accomplishment

EAST HARTFORD, CONN., THURSDA{_MAY 27, 2010 )

Pratt & Whitney engineers Louis Celiberti, Timothy Crowley, James Fuller and Cary Powell
won the George Mead Award — United Technologies Corp.'s highest award for outstanding
engineering achievement — for their pioneering work in developing the world's first advanced
multi-variable control (AMVC) design for the only engine that powers the F-35 Lightning I
flight test program. Pratt & Whitney is a United Technologies Corp. (NYSE:UTX) company.

The AMVC, which uses a proprietary model predictive control methodology, is the most
technically advanced propulsion system control ever produced by the aerospace industry,
demonstrating the highest pilot rating for flight performance and providing independent
control of vertical thrust and pitch from five sources. This innovative and industry-leading
advanced design is protected with five broad patents for Pratt & Whitney and UTC, and is the
new standard for propulsion system control for Pratt & Whitney military and commercial

‘engines.

http://www.pw.utc.com/Press/Storyv/20100527-0100/2010

I

Pratt & Whitney

A United Technologies Company
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CONTENTS OF MY LECTURE

e Model Predictive Control (MPC) for CPS’s

e Embedded quadratic optimization algorithms (inside the CPS)

e Hybrid MPC = supervisory control of CPSs



LINEAR MPC

— r € R"
e Linear prediction model: Th+1 = Az T Buy uw € R™

ro = x(t)

e Constraints to enforce: umin < w(t) < umax
Ymin < y(¢) < ymax

e Constrained optimal control problem (quadratic performance index):

N—-1
: / / /
min xnPxpn + E . QrE + up Ruy
R=0 R = R »0
Q = Q=0
S.t. Umin L ur < umax, k=0,...,N -1 P — p'=0

Ymin S Y < yYymax, k=1,...,N

S——
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LINEAR MPC - CONSTRAINED CASE

k—1

e State response: 1z = AFzo + > A'Buy,_1_;
1=0
e Optimization problem:
V(zg) = %%Y:no—l— min %Z/Hz + 2z F'z (quadratic)

s.t. Gz <W + Sxg (linear)

Convex QUADRATIC PROGRAM (QP)

¢z = € R%, s = Nm is the optimization vector

e H=H' > 0and H, F,Y,G, W, S depend on weights Q, R, P,

upper and lower bounds Umin, Umax, Ymin, Ymax, aNd Model matrices A, B, C
11



LINEAR MPC ALGORITHM

past
@ each sampling step t: S —
manipulated

inputs

— | ‘t+]’\f : >
e Measure (or estimate) the current

g feedbaci !
1 _/ o/
5z Hz b 2

o Apply only u(t)/:uo*, discard remaining optimal inputs u1™,...,un-1

12



LINEAR MPC - UNCONSTRAINED CASE

o« o . . . . 4 Yivk
e Minimize quadratic function, no constraints R I (2 N
Predicted outputs

min f(z) = 5,z’Hz + &' (1) F'z D) Manipulated Tk
| bt t+ Nt
e Solution: Vf(z) =Hz+ Fx(t) =0 z=
I —H_lFm(t) | UN-1 _

b |u(t)=-[I0 ... OJH 'Fa(t) £Kz(t

Unconstrained linear MPC = linear state-feedback!

13



MPC AND LINEAR QUADRATIC REGULATION (LQR)

N-1
: : i o / /
e Special case: J(z,2q) = Min z Py + kE ] . Qxp + upRuyg

with matrix P solving the Algebraic Riccati Equation

P=A'PA— APB(B'PB+ R) !B PA+Q

— — Jacopo Francesco
Riccati (1676 - 1754)

 (unconstrained) MPC = LQR (for any choice of the prediction horizon N)

Proof. Easily follows from Bellman’s principle of optimality (dynamic
programming): /\, Pz =optimal “cost-to-go” from time N to oo.

14



BASIC CONVERGENCE PROPERTIES

Ax(t) + Bu(t)
Cx(t)

Theorem. Consider the linear system { x(t 4+ 1)

y(t)

and the MPC control law based on optimizing

N—1
V*(x(t)) = min > 1. Qx), + u) Ruy,
k=0
S.t. Th41 = Amk —+ Buk
Umin < Uk < Umax
Ymin < Cxp < ymax

ry =0 é"“"‘w - “terminal conskraint”

with R,(Q>0. If the optimization problem is feasible at time t=0 then

im z(t) =0
t—0o0
lim u(t) =0
t—00

and the constraints are satisfied at all time ¢t>0, for all R,()>0

For general stability result see
15



LINEAR MPC - TRACKING

e Optimal control problem (quadratic performance index):

N-1

mzin Z WY (g1 — r (@)1 + [WEE Ay ? optimization vector
k=0 ] _
[Aug, £ up — up—1], u—1 = u(t — 1) Aug
L — Auq
subj. to umin K ur < uUumax, k=0,..., N —1 AE
Ymin K Yk < Ymax, E=1,..., N L SUN-T
AUmin S AUk S AUmax, k: O,...,N_ 1
e Optimization problem: min J(z () = %Z’Hz 2/(£) (1) W (t — 1)]F'»
Convex :
QUADRATIC z(t)
PROGRAM(QP) st. Gz<W+S r(t)
w(t—1)

e Input references can be also handled by adding the extra penalty ||W" (us — tret(t))]]”

o Constraints on tracking errors can be also included: €min < Yx — 7(f) < emax
16



ANTICGIPATIVE ACTION (A.K.A. “PREVIEW")

N—-1
: 2 A 2
min > [WY(yp41 — rpt1ll* + WS Au(k)|
AU [—
k=0
e Reference not known in advance (causal): e Future reference samples (partially) known in
advance (anticipative action):
T r(t}szO,...,N—l LN —1
Qutput / reference Output / reference
1 : L 1 : Ly
use r(t) ,l use r(t+k) [
0.5} ' 1 0.5} .
0 : 0 | :
0 S 10 15 0 S 10 15
Input Input
57 ‘ S 57 , \ —
1t 1t ;-[‘ ’Jr‘\_,_
0 1 0 1
0 S 0 S 10 15

Same idea also applies to reject measured disturbances entering the process

MPC Toolbox for MATLAB, mpcpreview.m .



LINEAR PARAMETER-VARYING (LPV) MPC

LTI prediction zp+1 = A(p())zr + Bu(p(t))ugp + Bu(p(t))ve 0 — ()
model yr = C(p(t))zr + Dy(p(t))vg
Model clepev\ds on time t but does not change in predéa&iom
drati N—1
quadratic min > WYy, — r()I1Z + W (ug — w"T ()%

performanceindex Y x=o

o N S HG): + 0 (OF (D)
st G0)z < WEN) + SH1)0)

U
Yk

Umin
Ymin

Umax All QP matrices are
Ymax

IAIA
IAIA

constraints { .
constructed on line

e PV models can be obtained from linearization of nonlinear models or from
black-box LPV system identification
18



LINEARIZATION AND TIME-DISCRETIZATION

. . : 1 d
e Assume model is nonlinear and continuous-time T fa(t), u(t))

=

e Linearize around a nominal state Z(¢) and input @(t), such as:

- an equilibrium ccil_:f(t L) ? (ot 4 7) — 5(8))

- areference value x@f(tw(t)

- the current value + 8—f (u(t+7) —u®) + f(z(t),u(®))
Ulz(t),u(t)

C Tee— R—

e Conversion to discrete-time linear prediction model

model makrices

depehd o

discrete~time

LPV mod@i current kime b

19



EXAMPLE: LPV-MPC OF A NONLINEAR CSTR SYSTEM

MPC control of a diabatic continuous stirred tank reactor (CSTR)

17y
e Process model is nonlinear: d ﬂ C
Af

iCa _ F - 4%

dt v (Car —Ca) — Cakoe™ 7

IT I UA AH AE
ar Ty —T T;—T) - koe 7T
dt I =D+ oy = 1) = 5 Cakoe

T : temperature inside the reactor [K] (state)

: concentration of the reagent in the reactor [kgmol/m3] (state)
T; : jacket temperature K] (input)
Ty : feedstream temperature [K| (measured disturbance)

Cay : feedstream concentration [kgmol/m?] (measured disturbance)

e Objective: manipulate 7} to regulate C'4 on desired set-point

ampccstr linearization (MPCToolbox)

20



EXAMPLE: LPV-MPC OF A NONLINEAR CSTR SYSTEM
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EXAMPLE: LTI-MPC OF A NONLINEAR CSTR SYSTEM

® CI Osed'l OOp FES u |tS \ig Reactant Concentration in Reactor, mol/L
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EMBEDDED QP SOLVERS

23



MPC IN A PRODUCTION ENVIRONMENT

Key requirements for optimization-based controllers:

1. Speed (throughput)

a. Execution time must be less than sampling interval

b. Also fast on average (to free the processor to execute other tasks)

3. Robustness (e.g., with respect to numerical errors)

;

-y
(g
>
Fopd

4. Worst-case execution time must be (tightly) estimated

5. Code simple enough to be validated/verified/certified e
(Library-free C code, easily understandable by production engmeers)

04



EMBEDDED SOLVERS IN INDUSTRIAL PRODUCTION

e Multivariable MPC controller
e Sampling frequency = 40 Hz (= 1 QP solved every 25 ms)
e Vehicle operating ~1 hr/day for ~360 days/year on average

o Controller may be running on 10 million vehicles

% §20,000,000,000,000 QP/yr

and none of them should fail.

20



EMBEDDED LINEAR MPC AND QUADRATIC PROGRAMMING

e Linear MPC requires solving a (convex) Quadratic Program (QP)

ON MINIMIZING A CoNvEX FUNCTION SUBJECT TO LINEAR INEQUALITIES

By E. M. L. BEALE

Admiralty Research Laboratory, Teddington, Middlesex

SUMMARY

THE minimization of a convex function of variables subject to linear inequalities is
discussed briefly in general terms. Dantzig's Simplex Method is extended to yield
finite algorithms for minimizing cither a convex quadratic function or the sum of
the ¢ largest of a set of linear functions, and the solution of a generalization of the
latter problem is indicated. In the last two sections a form of linear programming
with random variables as coefficients is described, and shown to involve the minimiza-

tion of a convex function. (Beale) 1955)

Arich set of good QP algorithms is available today

Still a lot of research is going on to address real-time requirements ...
20



SOLUTION METHODS FOR QP

- 1_y /
Most used algorithms for solving QP problems: min; 5z Hz+a k2

s.t. Gz< W+ Sz

e active set methods (small/medium size)
Quadratic Program (QP)

o interior point methods  (large scale)

e conjugate gradient methods

» gradient projection methods

e alternating direction method of multipliers (ADMM)

> Read Dimitri’s books for much more on this! |

27



FAST GRADIENT PROJECTION METHOD

C. < (Nesterov, 1983)
e Optimization problem: min f(2) fiRP—=R
2/

| — —

e fconvex and V f Lipschitz continuous with constant L

|V f(z1) = Vf(z2)| £ L|z1 — 22|

e Accelerated gradient projection iterations:

>
i1 = Pz (wp— 1V (wyp))

Wi,

-1 =20

2L
(k +2)

e Convergencerate:  f(zpy1) — f* < 5llz0 — 2|12

28



FAST GRADIENT PROJECTION FOR (DUAL) QP

e Apply fast gradient method to dual QP:

EZ/HZ + 2'F'2

(Patrinos, Bemporad, IEEE TAC, 2014)

—y'My + (Dx + W)y

Gz < W 4+ Sz

GH g’

prepar&d
GH 1F 4+ S off-line

L = max eigenvalue of M, or L =

m
S~ |M; ;% (Frobenius norm)

1, =1

e [terations:

ye + Br (Y — yr_1)
—Kwp — Jx

%sz — %(Sx + W)

Mmax {yk + Sk O}

while keepgoing && (i<maxiter),

beta=(i-1)/(i+2).*(i>0);
w=y+beta*(y-y0);
z==~(iMG*w+iMcC);
s=GL2-bL;

yo=y;



FAST GRADIENT PROJECTION FOR (DUAL) QP

(Patrinos, Bemporad, IEEE TAC, 2014)

fﬁ&subutuﬁj tol

e Termination criterion #1: primal feasibility C1
Sk < — €7, Vi = ].
L
e Termination criterion #2: primal optimality optimality tol
\,
) = £ < f(zp) - qs‘cwm = —wispL < ey —wlsy < %EV
ciu,&i function
* Convergence rate:
2L 5
flzpg1) — 7 < 5llz0 — 27| -
(k T 2) | theoretical
o o g 3«#% —
e Tight bounds on maximum number of iterations lﬂ"?é“‘v”“?—““i“‘ |

° ’ gHorizon‘I]\‘If 13 15 30



ADMM METHOD FOR QP

e Alternating Directions Method of Multipliers (ADMM) for QP

min %CBIQ.CC q'x
s.t. (< Ax <u

e Scaled ADMM iterations:

while i<maxiter,

AL = (Q 4 pATA) L (pAT (4 — ) + g) ey ot
zk__l — ' \—I— yk, f}, U} 22;2;)((1;1n(m+u,ub),1b);
]C—r]. . ' = u=u+Ax-z;
Y - N~ > end
(py = dual—vLector) = “integral action” (9 lines EML code)

( ~40 lines of C code)

31



REGULARIZED ADMM METHOD FOR QP

e Scaled and regularized ADMM iterations:

bt = —(Q+~ATA+ el) (g — ex), +~vAT(yF — 2F)) Q=0
Tl = min{max{Ax*T! + ¢~ £}, u} e >0
k+1 —— k k+1  _k+1
J = yrde © py = dual vector
* Infeasibility d ion: o S €1
y detection: —u' max{y, 0} + I’ max{—y, 0}
) ) o'
e Unboundedness detection:
Tl Aivk < €p & u < 400
Uk —C/CU]C’ HQUICHOO >~ €U, { Aty > —epp & 08> —o0
e Simple, fast, robust. Only needs to factorize [ @ j el _flyfl ] once

0osQP solver https://github.com/oxfordcontrol/osgp

32


https://github.com/oxfordcontrol/osqp
https://github.com/oxfordcontrol/osqp

SCALING (OR PRECONDITIONING)

e Preconditioning can improve convergence rate of iterative algorithms
(in particular first-order methods are very sensitive to scaling)

1
primal QP mzin Ez/Hz—I—f/z M = GH &
_ ~1
s.t. Gz < W d = GH =+ W
e Dual scaling (Jacobi scaling):
1 scaling y = Pys 1
min Ey’My +dy — min Eyé(PMP)ys + d'Pys
1
dual Q7P "
: . . .1 1
e Equivalent to just scale constraints in primal problem: mGzz < mWZ

e Primal solution: 2z = —H_l((PG)'y;k + f)

33



CAN WE SOLVE QP’S USING LEAST SQUARES ?

TP

The Least Squares (LS) problem is probably the
most studied problem in numerical linear algebra

v = arg min ||Av — bH%

 — R

(Legendre, 1805)ﬂ (Gauss, <=1809)

In MATLAB: >> V=A\b ¢ (1 character ! )

* Nonnegative Least Squares (NNLS): min, || Av — b||3
s.t. v>0

P — ——

34



ACTIVE-SET METHOD FOR NONNEGATIVE LEAST SQUARES

min, |[Av — b||3
s.t. v>0

NNLS algorithm:
While maintaining the primal var v
feasible, keep switching the active

set until the dual var w is also feasible

1) P10, v+ 0;

2) w<+ A'(Av —b);

3) ifw>00r P=1{1,..., m} then go to Step 11;

4) i« argmingeqy  mnp Wi, P+ P U{i};

5&Tp < argming, [[((A)p) 2p — bllzz¥(1,...mpp ¢ 0;
6) if yp > ot ST ="y I g 0
7) j < argminfep: y, <o {thfyh };

8) v v+t - (y —v);

N Z+{heP :v,=0}, P+ P\
10) go to Stepy 5;
11) v* «+ v; ¢nd.

e NNLS algorithm is very simple (750 chars in Embedded MATLAB)

i
/

e The key operationis to solve a standard LS problem at each
iteration (via QR, LDL, or Cholesky factorization)

35



SOLVING QP’S VIA NONNEGATIVE LEAST SQUARES

e Use NNLS to solve strictly convex QP

w2 Lz+ L 1e

_ 1 / , 1 2 _east
min sz Wz Cz min = .
N 37Qz + u 2l Distance
S-t; Gz < g‘i t:c)mpte.&e the squares S.T. MUE d Problem
QP Q=1LL M = GL™1
d=b+GQ 1c
QP problem infeasible yes - i
1| M’ n 0
residual w2 g | Y 1
=02 s.t. y>0

N

Nonnegative Least Squares

£

1 L_l
14 d'y*

retrieve Fxrimo& solution

M/y* _Q—lc no

e Fast and relatively simple active-set QP solver. But not very robust ...




SOLVING QP VIA NNLS: ROBUST ALGORITHM

(Bemporad, 2017)

e Key idea: solve a sequence of regularized QP problems

241 = arg min,
s.t. Az <b

Gxr =g

%Z/QZ + 2z + %Hz — zk||%

F@roximaiwpom& algorithm,
tterations converge to
the opELmaL solukion

* Main advantage: primal Hessian @ + eI can be arbitrarily well conditioned !

(Eradectf robustness/CPU ktime)

CPU time (ms) (worst-case)
AR L LA | LR ERAA )

T

QPNNLS PROX
= QPNNLS LDL
GPAD

102

ADMM (3000)
e ADMM (1000)

10" £

0 ity
10
10" 10 4

cond(Q)

10° 108 107 108

108 10

single precision arithmetic, random QPs
30 vars, 100 constraints (this Mac)

distance ||z — z*|| from optimizer (worst-case)
LR BB ) L O B R R R R | LEEE R RS R L B RAE] ] LS B SR A

| | == ADMM (3000)
| | = ADMM (1000)

+ | == QPNNLS PROX
= QPNNLS LDL

GPAD

Prox—NNLS |

- Prox-NNLS
10_6: ' s s el ' RN | s 1l " L osoa s el 1 i ||||||:
10 102 108 10* 10° 108 107 108



EMBEDDED MPC WITHOUT SOLVING QP'S ON LINE

" optimization algorithm .+

dynamical model
(based on data)

reference

—
r(t)

measurements

e Can we implement MPC without an embedded

optimization solver? o §
YES |

38



EXPLICIT MODEL PREDICTIVE CONTROL AND MULTIPARAMETRIC QP

(Bemporad, Morari, Dua, Pistikopoulos, 2002)

The multiparametric solution of a strictly convex QP
is continuous and piecewise affine

z*(x) = arg min, %z’Hz +@F’z
s.t. Gz<W @

L —

08 Pl e e |

...............................................................

|
P e :;:-231‘31f.‘;i?f?ff?,-?';fff.i';' 100?
,& ) 1 F]. T + '(']1 |f I_[ll‘ S I\’l :’.::.—lP;:('[mP u)}/{l , e _olates
. S ; . {10+ 0_
2= : \ u(x) = ¢ : : 'I/Lét
- —1- | FJ.\/;L + gn if I]‘,\[ll, o 16 M £ | aeeenrcon Lestauml; /* get next deliniter i3
|
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MULTIPARAMETRIC QUADRATIC PROGRAMMING

e Avariety of mpQP solvers is available

e Most computations are spent in operations on polyhedra (=critical regions)

Gz*(z) < W+ Sz &— feasibility of primal solution
A(z) =2 O fwﬂfeasibit&j of dual solution

- checking emptiness of polyhedra
- removal of redundant inequalities
- checking full-dimensionality of polyhedra

e All such operations are usually done via linear programming (LP)

e Can be also performed via nonnegative least squares (NNLS) i



NNLS FOR SOLVING MPQP PROBLEMS

e Comparison of mpQP solvers

— Hybrid Toolbox

— Multiparametric Toolbox 2.6 (with default opts)

— NNLS - MPC Toolbox (=R2014b)

‘\ The MathWorks

\

[ NNLS

_ 4 | . 0.0026 >
4 NupAen -0038
4 | 4 0.0432 0.0559 | 0.0061
4 |5 0.0650 0.0850 | 0.0097
4 | 6 0.0827 0.1105 | 0.0126
8 | 2 0.0347 0.0396 | 0.0050
8 |3 0.0583 0.0680 | 0.0092
8 | 4 0.0916 0.0999 | 0.0140
8 | 5 0.1869 0.2147 | 0.0322
8 | 6 0.3177 0.3611 | 0.0586
12 ] 2 0.0398 0.0387 | 0.0054
12| 3 0.1121 0.1158 | 0.0191
12| 4 0.2067 0.2001 | 0.0352
12| 5 0.6180 0.6428 | 0.1151
12| 6 1.2453 1.3601 | 0.2426
20 | 2 0.1029 0.0763 | 0.0152
20 | 3 0.3698 0.2905 | 0.0588
20 | 4 0.9069 0.7100 | 0.1617
20 | 5_ 0.4395
: 6 1.2853
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COMPLEXITY OF MULTIPARAMETRIC SOLUTIONS

e The number of regions depends (exponentially) on the number of
possible combinations of active constraints

o Explicit MPC gets less attractive when number A ‘ \
of regions grows: too much memory required, f |
too much time to locate state z(¢) ;f ”

e Fast on-line QP solvers (=implicit MPC) may be preferable

When is implicit preferable to explicit MPC?
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COMPLEXITY CERTIFICATION FOR ACTIVE SET QP SOLVERS

e Consider a dual active-set QP solver

z*(x) = arg min, %z’Hz—I—a:’F’z
s.t. Gz< W+ Sz

e What is the worst-case number of iterations over x to solve the QP ?

e Key result: The number of iterations to solve the QP is a
piecewise constant function of the parameter x

We can exactly quantify how
many iterations (flops) the QP
solver takes in the worst-case !
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COMPLEXITY CERTIFICATION FOR ACTIVE SET QP SOLVERS

e Examples (from MPC Toolbox):
inv. pend. DC motor nonlin. demo AFTI 16
# vars 5 3 6 5
# constraints 10 10 18 12
+# params 9 6 10 10
Explicit MPC
# regions 87 215
max flops 3382 9184
max memory (kb) 55 297
Implicit MPC
max 1iters 13 1€
max flops 4T 7 7807
sqrt 37 N\
max memory (kb) 20
explicit MPC is faster online QP is faster
i the worst-case in the worst-case

e |t is possible to combine explicit and on-line QP for best tradeoft
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HYBRID MPC OF CYBER-PHYSICAL SYSTEMS

45



CONTROL OF CYBER-PHYSICAL SYSTEMS

physical system

reference WML actuation

sensing

supervisory
controller

What is a good model of a CPS for supervisory control purposes ?
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HYBRID DYNAMICAL SYSTEMS

cyber system
0
1 /\

e VVariables are discrete-valued
r e {0,1}", uwe {0,1}"

e Dynamics = finite state machine

* Logic constraints

physical system

u(k) continuous 2(k)
— > | dynamical [/
system
hybrid
dynamical

system

e Variables are real-valued
r € R", € R™¢

e Difference/differential equations

e Linear inequality constraints
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PIECEWISE AFFINE SYSTEMS

- state+input space

x(k+ 1)
y(k)

AI(A)JZ(k) =

& fz(k)

3 D?(A)u(k) E

- 9i(k)

zeR? weR™, yeRP
(K) € § Ly wor; 8§

(Sontag 1981)

Can approximate nonlinear and/or discontinuous dynamics arbitrarily well

x(k+1)

C, C, C,

C, C; Ce
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DISCRETE HYBRID AUTOMATON (DHA)

(Torrisi, Bemporad, 2004)

discrete
Event Generator CBc( k)
de(k)
Switched Affine System
Finite State Machine uc(k) - xC(kixlc)(,j)_F Biuc(k) + f;| ——
ek +1) = discrete = (k) ze(k)
L k). b (B[ time  f =1
’LLg(k) fB(xﬁ( )7“6( )7 ( )) i counter
O—' O 0
— mode|i(k)
___,| Mode Selector )
Uy ( k‘) . j\r_\ __*
5. (k ,
e(k) < — f'\/l (I( Uy, off) )
continuous
xy € {0,1}"™ = Dbinary state e € R™ = real-valued state
upy € {0,1}"™ = binary input ue. € R™Mc = real-valued input
0e € {0,1}"¢ = event variable i €{1,...,s} = current mode
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LOGIC AND INEQUALITIES

X1V X, =TRUE > 61 +02>1, 61,00 € {0,1} (Clovermom wiams 1977

Hooker 2000)

Any logic statement

y ~ o
f(X) =TRUE ) < z:m*-E:(l—OJ
fG[)l I'GJ\'rl
m {
/\ (viGI'TI""'\'I' viGJ\'r_l' _“"\r?— 1 S Z 51' + Z (1 = 51)
/? 1 \ 1€ P 1€ Nm
NG ER G A Lm0

Hiwc(k) — W' < M*(1 - é%)
| H'ze(k) —W* > m Lo

a1z + bi1u 4+ f1
—a1x — biu — f1
a>x -+ bou 1+ fo
—aox — bou — fo

IF [§ = 1] THEN ;
ELSE z = a2f :

TIAIAIA INA

4

\// | .\ [ Switched \\
f 3
Affine System
Finite State Mode Selector Event
Machine 1 Generator

ANT
ANIL
—
‘\~
-~ -
o)~ —o{ 2 A
7SS S
¢ 'y, ry
; 7/
N 4 'y
7SS s S
S 7 S FTS F . ey
D r'JJS /7.8
— 7SS S S
7SS S O¢
Yy = = =

o0



MIXED LOGICAL DYNAMICAL (MLD) SYSTEMS

(Bemporad, Morari 1999)

Discrete Hybrid Automaton

nt - e o (A)

O ——————e

A;|.' .'..l m
u-k) ~ 1 k

(k)

—E |5 2 [®| HYSDEL (o, Bemporad, 004)

xye(K)

convert logic propositions to
mixed-integer linear inequalities

[ Mode Selector
"l(k) {
de (k)

—_——

17

Mixed Logical Dynamical (MLD) systems

[ xp41 = Az + Biuy + Body + B3z, + Bs
Y = Czp+ Dyug + Doog + D3zg + Ds
| E2og B3z < Eaxp + Eiug + Es

Continuous and binary variables = € R x {0,1}™, u € R™c x {0,1}™
y € RPe X {07 1}pba S {07 1}Tb7 z € R

e Computationally oriented model (mixed-integer programming)

e Suitable for MPC control, verification, state estimation, fault detection, ....

o



MPC OF HYBRID SYSTEMS

Th41 Azy + Biug + B2dy + Bzzp + Bs
Yk Czy, + Diug + D26y, + D3z, + Ds
E50p, B3z, < Egzp + Eiug + Es

+ Il

control
reference E input 5 g | | - tn gt E
r(?) u(?) y(t)

“'{: / : : .h‘:':-'v ™ g"_'

process

model-based
optimizer measurements

Use a hybrid dynamical model of the process to predict its future
evolution and choose the “best” control action
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MIQP FORMULATION OF MPC

N-1
mine > yQui + upRuy
k=0
( Tp+1 — Az + Biug + B20or + B3z, + Bs
s.t. < yr = Cxp+ Diug + D20 + D3z + Ds
| E20r + E3z;, < Eszy, + E1ug + Es

° Optlmlzatlon vector: £ = [uo, e, UN 1, 50, Ce e 5N—17 20, - - 7ZN—1]
o1 / L, Mixed Integer
=) mine —EHE+ 2 )FE+ 2 .
s.t. %g < W 4+ Sxz(t) QM Quadratic Program
(MIQP)
u € R™e x {0,1}™
60 € {0,1}" =) (€ R(metre) N {0, 1}(mb-|-7“b)N

T'c
z€R vector & has both real and binary values
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CLOSED-LOOP CONVERGENGE

Theorem Let (xr, ur, or, 2r) be the equilibrium values corresponding to set point 7.
Assume z(0) is such that the MPC problem is feasible at time ¢t=0.

Then V@, R > 0, Vo > Othe closed-loop hybrid MPCloop converges asymptotically

i — im x(t) =
fm® = im0 =
im w(t) = u e

t—o0 7 tlfgoz(t) = AT

and all constraints are fulfilled at each time ¢t=0.

Proof: Easily follows from standard Lyapunov arguments

Lyapunov asymptotic stability and exponential stability can be
guaranteed by choosing a proper terminal cost and constraint set

(Lazar, Heemels, Weiland, Bemporad, 2006)
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EXAMPLE: ROOM TEMPERATURE CONTROL

iﬂ"i

air conditioning

| ‘ Unot I
il # amb

heating /«/‘DJV f "1*

Ucold

discrete dynamics
e #1=cold = heater=on ar;
e #2=cold = heater=on unless #1=hot dt

e A/C activation has similar rules

Hybrid Toolbox for MATLAB, /demos/hybrid/heatcool.m

= —o,; (T

(2

= 1,2

continuous dynamics

— Tamp) + ki(upot — Ucold)

0o



HYSDEL MODEL

SYSTEM heatcool {

INTERFACE {
r { REAL T1 [-10,50];
REAL T2 [-10,50]:

{ REAL Tamb [-10,50]:;

}
\METER {

REAL Ts, alphal, alphaZ, k1, k2;

REAL Thotl, Tecoldl, Thot2, Tcold2, Uc, Uh;

¥
}
IMPLEMENTATION {

{ REAL uhot, ucold:;
BOOL hotl, hot2, coldl, coldz:;

{ hot1l T1>=Thot1l:;
hot2 T2>=Thot2;
coldl = T1<=Tcoldl;
coldz = TZ2<=Tcold2:;

]

{ uhot = {IF coldl | (coldZ2 & ~hotl) THEN Uh ELSE 0};
ucold = {IF hotl | (hotZ2 & ~coldl) THEN Uc ELSE 0};

{ Tl = Ti+Ts*(~alphal®* (T1-Tamb)+kl1l* (uhot-ucold))
TZ = T2+Ts* (—alphaZ2* (T2-Tamb) +k2 * (uhot-ucold)):

>>S=mld ('heatcoolmodel', Ts) get the MLD model in MATLAB
>>[XX, TT]=s1m(S,x0,0); simulate the MLD model
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HYBRID MPC — TEMPERATURE CONTROL

2
2k — o0
>>0Q.x=1; % unit weight on state #2 =0 &
P o 9
>>Q.rho=Inf; % hard constraints <t 1 > 25, k=1,2
>>Q.norm=Inf; % i1nfinlity norms —— e MLD model
>>N=2; % prediction horizon
>>]limits.xmin=[25;-Inf];
Temperature T >
SD L4 ( ) Ll ‘/
A= 40 ',H,‘ ﬁ;‘ff.’n.‘ "\’5‘ ‘g“ 'l ..“"‘.",J‘. . ';\‘;‘ : \;.(
= ] ] . ” 'y Fik ¥R IR} T G
>> C 10 : ; :
0 20 40 6o a0 100
Hybrid controller based on MLD model S <heatcoolmodel.hys> [Inf-norm] Temperaturs T, air conditioning
SO T T
2 state measurement (s) N\ A N: N ( N\ .
0 output reference(s) 40{ R f;: f y ' _f’, {\i I
0 input reference (s) 30‘“1'“r33~w”~3 Il %TJ' M_J_ - ; |
1 state reference (s) 55 sl e, et (et pmval G
0 reference(s) on auxiliary continuous z-variables I f}””{ | ER i H”wf |
35 a1 I 1
20 optimization wvariable(s) (8 continuous, 12 binary) 0 - Rs i ! - [ ! |
46 mixed-integer linear inequalities 0 20 40 60 80 100
sampling time = 0.5, MILP solver = 'glpk'
Temperature T
Type "struct(C)" for more details. Sofh A 1l : A A g M
Y 1Y e i |
>> | f | I| l |I : lI li | | | |‘:
40 .1’|,..,4 l ;,Il, ]¢| I ..|| .l .'I.,,,lll,,. : }.
| L 1R 1
| : ] | l . | |
{ : | | 'r_J 5 |
>[XX,UU,DD, 2%, TT]=sim(C, S 0, Tst il ""QI
4 4 4 4 S1n ’ 4 r’ X 4 S Op ’ 200 6‘0 4‘0 810 20 160

or



MIXED-INTEGER PROGRAM (MIP) SOLVERS

* Mixed-Integer Programming is NP-complete

BUT

e General purpose branch & bound / branch & cut solvers available for MILP

and MIQP (CPLEX, GLPK, Xpress-MP, CBC, Gurobi, ...)

More solvers and benchmarks: http://plato.la.asu.edu/bench.html

e No need to reach global optimum (see proof of the theorem), although
performance deteriorates
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BRANCH & BOUND FOR MIQP (USING NNLS SOLVER FOR QP)

e Consider a MIQP problem of the form

1
min Vi(z) & §Z/QZ + 2 Q=Q -0
s.t. /< Az<u
Gz=g

AZ‘ZG {ZL',’L_LZ'}, 1=1,...,q

e Binary constraints on z are a special case:

7:=0,4;,=1, A, =[0...010...0]

e QP algorithm based on NNLS is used to solve MIQP relaxations
b < Aiz <y
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BRANCH & BOUND FOR MIQP (USING NNLS SOLVER FOR QP)

QP reloaxation

1
min V(z) £ EZIQZ + 'z
s.t. (< Az<w
Gz=gyg

e Branch and bound scheme:

Aiz € {€;,0;}

Vi=1,...,q
MIQP no yes
solution infeasible MIQP infeasible
found (Lucley case)

(Lucley case)

start branching ...

(typical case)

o0



BRANCH & BOUND FOR MIQP (USING NNLS SOLVER FOR QP)

o . . . _ . — l
* Branching: pick up index ¢ such that 4;z is closest to &t X
e Solve two new QP problems:
min V(z) £ %z/Qz + 'z
s.t. (< Az<w
Gz=gyg
(< Az < u
1, /
min V(z) = 5% Qz+cz
s.t. < Az<u
Gz=g
Az = )
Zj < f_ljz <uj, jFi mzin V(z) = EZ,QZ + 'z
s.t. (< Az<u
Gz=gyg
Aiz — ’L_LZ
Warm start from previous solution U< Aiz<uy, j#£i

of QPy helps solving QP1, QP>

o)



BRANCH & BOUND FOR MIQP (USING NNLS SOLVER FOR QP)

update
upper bound
Vo > V*
on MIQP
solution
yes
stop branching keep branching ...

on subtree

o2



MIQP VIA NNLS: NUMERICAL RESULTS

e Worst-case CPU time on random MIQP problems:

n m q NNLSLDL NNLSQR GUROBI CPLEX
10 5) 2 2.3 1.2 1.4 3.0
10 100 2 5.7 3.3 6.1 31.4
50 25 5 4.2 6.1 14.1 30.1
50 200 10 68.8 104.4 114.6 294.1

100 50 2 4.6 10.2 37.2 69.2
100 200 15 137.5 365.7 259.8 547.8
150 100 5! 15.6 49.2 157.2 260.1
150 300 20 1174.4 3970.4 1296.1 2123.9

n = # variables, m = # inequality constraints, no equalities, g = # binary constraints

QP algorithm in compiled Embedded MATLAB code, B&B in interpreted MATLAB code.
CPU time measured on this Mac

NNLS,p. = recursive LDL factorization used to solve least-square problems in QP solver
NNLSqr = recursive QR factorization used instead (numerically more robust)
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FAST GRADIENT PROJECTION FOR MiQP

(Naik, Bemporad, 2016)
e MIQP problem

1
min  V(z) = EZ/QZ + 2

<

s.t. < Az<u

special case: Aeqz = beg
binary comstraints z€{0,1} ——> A;z € {{;,4;}, i =1,...,p
e Use branch & bound, relax binary constraintsto ¢; < A;z <u
e Only projection changes from one QP relaxation to another:
comnstraint is relaxed A;z <u; — y/i+1 — Max {y}% + 87/’;, O} ;=0
cownstraint is {:Lxed z‘_lz'z =u; — ?J]ZC 1 — y;i + Sr]["€ yié()
constraint is ignored Az =4 — vy, i yi=0




FAST GRADIENT PROJECTION FOR MiQP

(Naik, Bemporad, 2016)

e Same dual QP matrices, preconditioning only computed at root node

e Warm-start exploited, dual cost used to stop QP relaxations earlier

e Criterion based on Farkas lemma to detect QP infeasibility

e Numerical results (time in ms):

n m p ¢q miqgpGPAD GUROBI
10 100 2 2 15.6 6.56
50 25 5 3 3.44 8.74
50 150 10 5 63.22 46.25

100 50 2 5 6.22 26.24
100 200 15 5 164.06 188.42
150 100 5 b5 31.26 88.13
150 200 20 5 258.80 274.06
200 50 15 6 35.08 144.38
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HEURISTIC ADMM METHOD FOR (SUBOPTIMAL) MiQP

(Takapoui, Moehle, Boyd, Bemporad, ACC’16)

* MIQP problem: . %szx + 'z
s.t. /< Axr <u
Az € {l;,u;}, 1 €1

| e— R——

e ADMM iterations: N B
L = (Q + pATA) (AT (WF — 2F) + g)
brl = mln{max{Axk+1 + o, 0}, u)
quantization s ATl — 4 if 2t < €§UZ
| ! | Ui It Zf__lz%, =N

N T I S LS

C reee— R—

e Iterations converge to a (local) solution

e Similar idea also applicable to fast gradient methods (Naik, Bemporad, 2016)
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ADMM METHOD FOR (SUBOPTIMAL) MIQP

Tak i, Moehle, Boyd, B d, ACC'16
e Example: power converter control (Takapoui, Moehle, Boyd, Bemporad, ACC'16)

L

S — L T
L minimize ) ,_,(v2: — Vdes)> + Mg — ug_1|
m c subject to  &:11 = G& + Huy
Ve C) ! o — R gO — €T
Ug = ur

Gu e (10,11

——

input voltage \ /\ |
sign ¢

ut
Ut

;/\j -
L LU

output voltage 5 o}
V2 °

Vg ¢

optimal solution ADMM solution

o/



EXPLICIT HYBRID MPC

e |tis possible to write hybrid MPC laws in explicit form too !

e The explicit MPC law is still piecewise affine on polyhedra

e The control law may be discontinuous, polyhedra may overlap

Polyhedral partition - 12 regeons

L N TS N

D00000000a00

e R N ]
N - O

(Bemporad, Borrelli, Morari, 2000)

(Mayne, ECC 2001)
(Mayne, Rakovic, 2002)

s 5 8 8

Temperature s&t point
3

(Bemporad, Hybrid Toolbox, 2003)
(Borrelli, Baotic, Bemporad, Morari, Automatica, 2005)

20

Tomporature T, 22 T (Alessio, Bemporad, ADHS 2006)



EXPLICIT MPC — TEMPERATURE CONTROL

Polyhedral partition - 12 regions

>>F=expcon (C, range, options) ;

>> k

000000

— e e (O NOYUY & WA -

N -0

Explicit controller (based on hybrid controller C)

3 parameter (s)

1 input (s)

12 partition (s)
sampling time = 0.5

s 5 8 8

[E0008

2

Temperature set point

The controller is for hybrid systems
This 1s a state-feedback controller.

(tracking)

Type "struct(E)" for more details.

>>

Temperature T2

Temperature T,

\ 384 numbers to store

In memory
2
min » _ [lwog — () loo
k=0

St Y hybrid model

Polyhedral partton - 12 regians

_.__-lllllllllll

Section in the (T,,T,)-space
for T.e=30

/

Temperatere T,

SRRl S L

T1p > 25, k=1,2

BONBRLE

’. . O

| — S



EXPLICIT MPG — TEMPERATURE CONTROL

OO0 X heatcool9
File Edit View Simulation Format Tools Help | ‘ lemp. 12

» SBE LLY ABERE B 7

Temp. T2

Cle Hybrid [*
Explicit

mods Expicit Hybrid Controler state reference

FAY

[TTr.x)

Controller

Controller mode

EXPCON REG 12 >
oN_NTH 3 » B3 LPLRLL ABEB B

I
I
ine EXPCON NYH &
¥ %]
b9

ON NH 72

L s ™

R 3t: "3

3 "'.‘.'IF 12
static double EXPCON_F[]={
-1,0,0,0,-1,0,

generated -1,-1,-1,-1,-1,-1,0,-3,-3,

-3,0,-3,0,0,0,0,0,

0,0,4,4,4,0,4,0,0,
C-COde 0,0,0,0}:

- static double EXPCON G[]=(

101.6,1.6,1.6,-1.6,98.4001,0,100,51.56,
101.6,51.6,48.4,50);

utils/expcon.h

static double EXPCON H[]=(
0,0,0,-0.009999%9,0,~0.0333333,
0.02,0.00999999,~-0.02,0,0,-0.0333333,0.02,0.00995599,
0,0,-0.02,0.02,0,-1,0.0099%8993,0,
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HYBRID SYSTEMS IDENTIFICATION

e Model Predictive Control requires a model of the process.

e Models are usually obtained from data via systems identification
(offline and/or online)

e Models may depend on parameters (e.g., ambient conditions)

In industrial MPC applications, most
of the effort is spent in identifying
(multiple) linear prediction models

from data

[a




HYBRID SYSTEMS IDENTIFICATION

* Problem: given input/output pairs {z(k),y(k)}, k=1,...,IN and number s

of models, compute an approximation y = f(x)

( Flz+g1 if Hie < Ky
f(z) = q 3

\ Fsx 4+ gs If Hsx < K

* Need to learn both the parameters (Fi,gi) of
the affine submodels and the partition ( H;, K;)
of the PWA map from data (off-line learning)

e Possibly need to update model and

partition as new data are collected (on-line learning)

Y

PWA model
(PieceWise Affine)

N

/()

2



APPROACHES TO PWA IDENTIFICATION

 Mixed-integer linear or quadratic programming
e Partition of infeasible set of inequalities

e K-means clustering in a feature space

e Bayesian approach

e Kernel-based approaches

e Hyperplane clustering in data space

* Recursive multiple least squares & PWL separation
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PWA REGRESSION ALGORITHM

1. Estimate the parameter matrices (Fi,g:) recursively, by only
updating one model Fix),gix) at the time such that

i(k) <—arg min;—;

cmewsEep pr@.m&wm error proxim&j ko cenbroid
of model #i of cluster #i

recursive least squares based on inverse QR decomposition

This also splits the data points x(k) in clusters C; = {z(k) : i(k) =i}

2. Compute a polyhedral partition (H;,K;) of the regressor space Vla

2zt
multi-category linear separation ‘ L
e +
‘s * g .
- *s ——: 2t e
s . {aess
- 2 P R
. v =
2 pek S At 3 .
o(x) = max {w T — Y} Bt S
1 ,Y/L '{"/.’:?";»,‘_:';J} i 7..‘ .." '{‘: ;v-_;‘,*rr',.o" ; ~'..'.'
—_— WL AR - S |
1= yeeeyS BRI e . TR
= = * R ' T ~ ¥ + ¥e
* Robust linear programming B B
7P s

- Piecewise-smooth Newton method \\\ .
- Averaged stochastic gradient descent ol G SRS




PWA REGRESSION EXAMPLES

e |dentification of piecewise-affine LPV-ARX model

yi(k) | _ [—0.83 0.20 ] y1(k—1) 4 [—0. 4 0.45] w1 (k—1)
y2(k) | L 0.30 =0.92] | yo(k—1) —0.30 0.24] | ug(k—1)
1

Results: quality of fit
N = 4000 | N = 20000 | N = 100000
K (Off-line) RLP [8]] 96.0 % 96.5 % 99.0 % RLP = robust linear programming
i, | (Off-line) RPSN 96.2 % 96.4 % 98.9 % RPSN = piecewise-smooth Newton
| (On-line) ASGD 86.7 % 95.0 % 96.7 % ASGD = (one-pass) averaged stochastic gradient
5 (Off-line) RLP [8]| 96.2 % 96.9 % 99.0 %
. | (Off-line) RPSN 96.3 % 96.8 % 99.0 %
A | (On-line) ASGD 87.4 % 95.2 % 96.4 %
BFR,; = max {1 Mo = Gill2 0}
Yo,i — To,ill2’ CPU time for computing the partition
(Best Fit Rate) N =4000| N = 20000| N = 100000
(Off-line) RLP [8] 0.308 s 3.227 s 112.435 s
(Off-line) RPSN 0.016 s 0.086 s 0.365 s
(On-line) ASGD 0.013 s 0.023 s 0.067 s
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PWA REGRESSION EXAMPLES

e |[dentification of piecewise-linear LPV-ARX model

{w(k)} . [&1,1(p(k)) @1,2(19(7?))} |:y1(k_1)
az,1(p(k)) az,2(p(k))

{ ?1,1 (p(k)) ?1,2 (p(k))
b2,1(p(k)) b2,2(p(k))

y2 (k)

y2(k—1)

/|

ul(k—l)
’lLQ(k—l)

| + eolk)

Results: quality of fit
BFR, |BFRa

PWA regression 87 % | 84 %

parametric LPV [3] | 80 % | 70 %

[3] = Bamieh, Giarré (2002)

0.6 [
0.4
0.2 i

Yo, U

-0.2 I

o8| validation data (open-loop)

110 120 130 140 150 160 170 180 190 200

—0.3 if 04 (pl (]{3) —I—pz(k)) < —0.3,
(_11,1(])(]{7)) = 0.3 if 04 (pl (kﬁ) —I—pz(k)) > 0.3,
0.4 (p1(k) + p2(k)) otherwise,
a1,2(p(k)) =0.5 (|p1(k)[+|p2(k)]) ; az2,1(p(k))= p1(k)—p2(k)
0.5 if  pi(k) <O,
az,2(p(k)) = 0 if pi(k)=0,
—0.5 if  pi(k) >0,
b1,1(p(k)) = 3p1(k) + p2(k),

. [ 0.5 if 2(pi(k)+p3(k)) > 0.5,
b1.2(p(k)) _{ 2 (pi(k) -|—Z()§(k)! gtherzvise,

b2,1(p(k)) = 2sin {p1(k) = p2(k)}, b22(p(k)) = 0.

e

0.5}

1 05 0 0.5 1
p: 76



IDENTIFICATION OF HYBRID SYSTEMS WITH LOGIC STATES

e |dentification of hybrid models from data

Mode = 2
S, = OFF
y(k) <0.98 V S, = OFF y(k) > 4.01 V
identified
Mode = 3
51 = ON sys&em
S, = OFF
9(k) <1.98 V

CPU time to compute the partitions: 0.033 s
CPU required to identify the DHA: 0.078 s*

Validation set of Ny = 2000 samples:
BFR = 98.64 %

1 1 1 1 1 1
800 1000 1200 1400 1600 1800 2000
Samples 7 7



CONCLUSIONS

e MPCis a very versatile technique to provide “intelligence” to a large class of
cyber-physical systems

e MPC can easily handle multiple inputs and outputs, hybrid model
abstractions, constraints on variables for safety, optimal performance

e Routinely used in the process industries from the 80°s.
Increasingly used in automotive, aerospace, energy, ...

e Alibrary of solvers tailored to embedded MPC applications is available that
are very simple to code, fast, amenable for low-precision arithmetic, and
with proved bounds on real-time execution

Several control problems in real-world cyber-physical
systems can be (and many are) well solved by MPC!
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